For an abelian group , a formula to compute the characteristic polynomial of a -graph has been obtained by Lee and Kim [Characteristic polynomials of graphs having a semi-free action, Linear algebra Appl. 307 (2005) 35-46]. As a continuation of this work, we give a computational formula for generalized characteristic polynomial of a -graph when is a finite group. Moreover, after showing that the reciprocal of the Bartholdi zeta function of a graph can be derived from the generalized characteristic polynomial of a graph, we compute the reciprocals of the Bartholdi zeta functions of wheels and complete bipartite graphs as an application of our formula.
Introduction
Let G be a connected graph with vertex set V (G) and edge set E(G) (− , 1) . In [1] , a comprehensive overview and problems on the Bartholdi zeta function of a graph were provided. In particular, the reciprocal of the Bartholdi zeta function of G is given as
In Theorem 10, we will show that the polynomial F G ( , ) determines the reciprocal of the Bartholdi zeta function of a graph G and vice versa. By |X|, we denote the cardinality of a finite set X. Let be a finite group. We say that G admits a -action if there is a group homomorphism from to Aut(G). For each v ∈ V (G), let v = { ∈ | (v) = v} be the isotropy subgroup of v, and Fix = {v ∈ V (G)| v = }. We call Fix the fixed part of V (G). We say that acts semifreely on G if for each v ∈ V (G), v is either the trivial group or the full group , and for each e ∈ E(< Fix >), (e) = e for all ∈ , where < Fix > is the subgraph induced by the fixed part Fix . We call G a -graph if it admits a semifree -action. We also call D a -digraph if it admits a semifree -action. For definitions and notations, we refer to [6, 7] .
In this paper, we will give a computational formula for generalized characteristic polynomial of a -graph when is a finite group. From this, we can obtain the reciprocals of the Bartholdi zeta functions of regular coverings of a graph which were computed in [8] .
The outline of this paper is as follows. In Section 2, we study the adjacency matrix and the degree matrix of a -graph. In Section 3, we find a formula to compute the polynomial on two variables F G ( , ) of a -graph G for any group . In Section 4, we will exhibit a relationship between the polynomial F G ( , ) and the reciprocal of the Bartholdi zeta function and compute the reciprocals of Bartholdi zeta functions of wheels and complete bipartite graphs as applications of the results.
Adjacency matrix of a -graph
In this section, we study the adjacency matrix and degree matrix of a -graph for any group . 
are surjective and for eachṽ ∈ V (D), f maps the set of edges originating (resp. terminating) atṽ one-to-one onto the set of edges originating (resp. terminating) at f (ṽ). The set of directed edges of G is denoted by E( G). By e −1 , we mean the reverse edge to an edge e ∈ E( G). We denote the directed edge e of G by uv if the initial and terminal vertices of e are u and v, respectively. For a finite group , a -voltage assignment of G is a function : E( G) → such that (e −1 ) = (e) −1 for all e ∈ E( G). We denote the set of all -voltage assignments of G by C 1 (G; ). For general terms, we refer to [4] . In [7] , a construction method of -digraphs was introduced as follows: let D be a digraph. For a subset S of V (D), < S > is the subgraph of D induced by S. For a pair of subsets S 1 and S 2 of V (D), E(S 1 , S 2 ) is the set of all directed edges e = uv such that u ∈ S 1 and v ∈ S 2 . Then, for any subset
For a -voltage assignment on the subgraph S of D, we define a new digraph D× (,S) as follows. We adjoin an extra element, say ∞, to the group with the property that ∞ = ∞ = ∞ for each ∈ ∪ {∞}. Notice that ∪ {∞} is a semigroup. The vertex set V (D× (,S) ) is(S × ) ∪ (S × {∞}). For the edges set, we put a directed edge from (u, ) to (v, ) if (i) uv ∈ E(S, S) and = = ∞; (ii) uv ∈ E(S, S), , ∈ and (uv) = ; (iii) uv ∈ E(S, S), = ∞ and ∈ ; or (iv) uv ∈ E(S, S), ∈ and = ∞. We call D× (,S) the derived digraph by a subset S of V (D) and a -voltage assignment on the subgraph S or simply, the derived digraph. In the construction, if the subgraph S has no edge then the voltage assignment is an empty function. But, our construction method still works. Now, we consider a construction method of a -graph G (see Fig. 1 ). For a -graph G, the digraph G is symmetric and a -digraph. This implies that the quotient graph G/ is symmetric. Hence, to construct a -graph, it suffices to consider the base graph D of our construction as a symmetric digraph.
A
if (e) is not of order 2, and
Lee and Kim obtained the following theorem.
Theorem 1 (Lee and Kim [7], Theorem 2). Let be a finite group and D be a finite connected symmetric digraph. Let S be a subset of V (D) and be a -voltage assignment on the subgraph S of D. Then the derived digraph D× (,S) = G for some -graph G if and only if S is a P-subset of V (D) and is symmetric.

Now, we consider the adjacency matrix A(D× (,S) ) of the derived digraph D× (,S)
. Let be a group and S a P-subset of V (D). Let be a symmetric -voltage assignment on the induced subgraph S of a finite connected digraph D. For each ∈ , let S (, ) denote the spanning subgraph of the digraph S whose directed edge set is −1 ( ) so that the digraph S is the edge-disjoint union of spanning subgraphs S (, ) , ∈ . In order to define the adjacency matrix of D× (,S) , we define an order relation on the vertex set V (D× (,S) ) of the derived digraph For any finite group , a linear representation of a group over the complex field C is a group homomorphism from to the general linear group GL(r, C) of invertible r × r matrices over C. The number r is called the degree of the representation . For representation theory, we refer to [9] . Suppose that is a finite group. It is clear that P : → GL(| |, C) defined by → P ( ), where P ( ) is the permutation matrix associated with ∈ corresponding to the action of on itself by right-multiplication, is a representation of . It is called the permutation representation. Let 1 = 1, 2 , ..., be the irreducible representations of and let f i be the degree of i for each 1 i
, where
It is well known that the permutation representation P can be decomposed as a direct sum of irreducible representations. In other words, there exists a unitary matrix M of order | | such that
for any ∈ . Moreover, Deng and Wu showed the following.
Lemma 2 (Deng and Wu [3], Lemma 4.2). The matrix M in the equation ( * ) can be chosen to satisfy
For convenience, let M be a matrix that satisfies the equation
Let s = |S| and s = |S|. Then one can find that
is equal to
where A 12 (S) is the adjacency matrix of the spanning subgraph of D whose directed edge set is E(S, S). Let be an abelian group. Then there exists an invertible matrix M such that
for each ∈ , where ( ,i) is the value of under the i-th character of permutation representation P of for each i = 0, 1, . . . , | | − 1. ( ,1) , . . . , ( ,| |−1) are the values of under the nontrivial characters of the permutation representation P of .
Corollary 4. Let be a finite abelian group and let D be a finite connected symmetric digraph. Let S be a P-subset of V (D) and a symmetric -voltage assignment on S . Then the matrix A(D× (,S) ) − D D× (,S) is similar to
A( S ) − (D S + | |D S,S ) √ | |A 12 (S) √ | |A 12 (S) t A( S ) − (D S + D S,S ) ⎡ ⎣ | |−1 j =1 ⎛ ⎝ ∈ ( ,j ) A( S (, ) ) − (D S + D S,S ) ⎞ ⎠ ⎤ ⎦ ,
where S = V (D) − S, D S and D S are the degree matrices of S and S, respectively, A 12 (S) is the adjacency matrix of the subgraph H 12 (S) = (V (D), E(S, S)) of D, and
Let G be a finite connected graph. Then G is a finite connected symmetric digraph and V (D) is a P-subset of V (D).
If is a symmetric -voltage assignment on E(G), then G× (,V ( G))
is the symmetric digraph corresponding to the regular covering graph G× of G.
Corollary 5. Let be a finite group and let G be a finite connected graph. Let be a -voltage assignment on G. Then the matrix A(G× ) − D G× is similar to
where i is an irreducible representation in the permutation representation P of with degree f i for each 1 i , 
if is an abelian group, then the matrix A(G× ) − D G× is similar to
(A(G) − D G ) ⊕ ⎡ ⎣ | |−1 j =1 ⎛ ⎝ ∈ ( ,j ) A( G (, ) ) − D G ⎞ ⎠ ⎤ ⎦ ,
Computation formulas
In this section, we aim to find a computational formula for the polynomial F D× (,S) 
( , ) of the graph D× (,S) for any group . A vertex-and-edge weighted digraph is a pair D = (D, ), where D is a digraph and : V (D) E(D) → C is a function. We call the vertex-and-edge weight function on D. Moreover, if (e −1 ) = (e), the complex conjugate of (e), for each edge e ∈ E(D), we say that is symmetric. Given any vertex-and-edge weighted digraph, the adjacency matrix A(D ) = (a ij ) of D is the square matrix of order | V (D) | defined by
a ij = e∈E({v i },{v j }) (e),
and the degree matrix D D is the diagonal matrix whose (i, i)-th entry is (v i ). We define F D ( , ) by the polynomial det( I − (A(D ) − D D )).
For a P-subset S of V (D) and a symmetric -voltage assignment on the subgraph S , we define a function 
√ | | if e ∈ E(S, S) ∪ E(S, S),
if e ∈ E(S, S) ∪ E(S, S).
.
When is abelian, we define a function k () : V ( S ) E( S )
→ C by k ()(v) = d D (v) if v ∈ V ( S ) for each k = 1, . . . , | | − 1, where d D (v) is the degree of v in the symmetric digraph D and k ()(e) = ((e),k) if e ∈ E( S ) for each k = 1, . . . , | | − 1. Then, k () is symmetric for each k = 1, 2, .
. . , | | − 1 and the matrix A(D× (,S) ) − D D× (,S) of the derived digraph D× (,S) is similar to
By using Corollary 3, we have the following corollary.
Corollary 7. Let be a finite abelian group and D a finite symmetric connected digraph. Let S be a P-subset of V (D) and a symmetric -voltage assignment on the subgraph S of D. Then the polynomial F D× (,S) ( , ) of D× (,S) is
By the same discussion before Corollary 5, we have the following corollary.
Corollary 8. Let be a finite group and let G be a finite graph. Let be a -voltage assignment on G. Then F G× ( , ) of the regular covering G× of G is equal to
where i is an irreducible representation in the permutation representation P of with degree f i for each 1 i , (s, t)-entry of A(D ) is not zero}. We define a new weight function˜ :
if is an abelian group, then F G× ( , ) is equal to
We call G˜ the digraph associated withD .
Notice that A( G˜ ) = A(D ) − D(D ) and hence F D ( , ) = det( I − A( G˜ )).
A subgraph P of G is called an elementary configuration if each of its components is either a cycle C m (m 3), K 2 or K 1 . We denote E k as the set of all elementary configurations of G having k vertices, for each k. For an elementary configuration P, let (P ) denote the number of components of P, C(P ) the set of all cycles C m (m 3) in P, and I v (P ) and I E (P ) the set of all isolated vertices and edges in P, respectively. Notice that for each cycle C in C(P ), there exist two directed cycles, say C + and C − , in G. By a slight modification of the method used in [5, Theorem 6] , we can show the following theorem.
Theorem 9. Let D be a symmetric digraph and let G˜ be its associated graph. Then the polynomial F D ( , ) is
where Re(˜ (C + )) is the real part of e∈C +˜ (e) and the product over the empty index set is defined to be 1.
Applications
In this section, we will show that the reciprocal of the Bartholdi zeta function of G can be obtained from the polynomial F G ( , ) . As an application, we find explicit formulae of the reciprocals of the Bartholdi zeta functions of wheels and complete bipartite graphs.
Theorem 10. Let G be a connected graph. Then we have the following two relations between the reciprocal of the Bartholdi zeta function of G and the polynomial F G ( , ),
Proof. It is known [1] that the reciprocal of the Bartholdi zeta function of G is given by
we have
It is not hard to show that
It completes the proof.
Example 1.
The wheel W n+1 is a graph of order n + 1 which contains a cycle C n of order n, and for which every graph vertex in the cycle is connected to one other graph vertex. Let D be the digraph with vertex set {v 1 , v 2 } and edge set {v 1 v 2 , v 2 v 1 , 1 , 2 }, where 1 and 2 are directed loops based at v 2 . Let be the Z n -voltage assignment on the P-subset S = {v 2 } defined by ( 1 ) = 1 and ( 2 ) = n − 1. Then is symmetric and the derived digraph D× (,S) Z n is isomorphic to the digraph − → W n+1 (see Fig. 1 for − → W 5 ). Hence, W n+1 is a Z n -graph. By Corollary 4, we can see that the matrix A(D× (,S) 
and hence
Since ε G − G = 2n − (n + 1) = n − 1, by Theorem 10, one can obtain that the reciprocal of the Bartholdi zeta function of W n+1 is
Example 2. Let G and H be two graphs and let G ∨ H be the join of G and H, that is,
be the function defined by t (e) = 0 for all e ∈ E( − → H ), which is called the trivial Z n -voltage assignment of H. Then t is symmetric on V (H ). Let J m,n be the m by n matrix of which every entry is 1. When m = n, J m,n is denoted by J n . Now, by Corollary 4, we can see that the matrix A(
and hence In particular, when C = aJ and B = bJ t (a, b: constants),
It is well known that if det
A bJ t aJ D = det A × det(D − abS(A)J ),
where S(A) is the sum of all entries of A −1 for any invertible matrix A. By a simple computation, we can see that S(A)=A 11 / det A, where A 11 is the cofactor of (1, 1)-entry of the matrix A =(a ij ) such that a 11 =a 11 , a 1j =a 1j −a 11 , a i1 = a i1 − a 11 , and a ij = (a ij − a i1 − a 1j + a 11 ) for all 2 i, j n. Then, 
